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ABSTRACT 
We generalize the result of Goebel and Zlotkiewiez [5] and also we prove fixed point theorems in Banach and 2-

Banach spaces in this paper. 
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I. INTRODUCTION 
 

Let X be a Banach class space and C be a closed subset of X. The well known Banach contraction principle state a 

contraction mapping of C into itself has unique fixed point. The same result holds if we assume that only some 

powers of mapping are contraction but it is not true for non-expansive mappings. Some  fixed point theorem have 

been studied by many mathematicians say Browder and Petryshyn [3],Belluce and Kirk [2] , Diaz and Mateaf [4] 

and many others for the existence of fixed points of non-expansive maps defined on a closed , bounded and convex 

subset of a uniformly convex Banach space and in a space with a normed structure.  
 

Afif Ben Amar, [8] has introduce  Fixed point theorems for the   sum of (ws)-compact and asymptotically Φ-

nonexpansive mappings .  

 

Whether these results can be extended to mappings with a non-expansive iteration in general is not true. However, 

Goebel and  Zlotkiewiez [5] have given an idea that these problem with the some and proved the following 

restriction. 

 

Theorem 1. Let F be a mapping  of a Banach space X into itself. If F satisfies condition 

(i) F
2

= I 

(ii) FyFx      yx   

for every x,y X, where 0  < 2 

then F has atleast one fixed point. 

  

Iseki [6] and Achari [1] obtained a further generalization of Goebel-Zlotkiewiez [5]. 

In a paper Khan and Imdad [7] extended the result due to Goebel and Zlotkiewiez [5] for mapping satisfying more 

general condition. He has also proved some coincidence theorem and obtained similar results in 2-Banach spaces. 

 

II. MAIN RESULT 
 

In this section ,an attempt is made to show results due to Goebel and Zlotkiewiez [5] can be extended for mapping 
satisfying more general conditions. We apply our results to prove some Fixed and Coincidence points in Banach and 

2-Banach spaces. 
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Theorem 2.  Let X be a Banach space and C be a closed and convex subset of X. Let E:C C satisfy the condition  

(i)E
2

= I 

(ii) 
 

yx
ExyExx

EyyExx
EyEx 




 

2

 

for every x,y C where  ,   are non –negative and 1
2

1

3

8
0   . Then E has atleast one fixed point.  

Proof   Let x be an arbitrary point of C and  H= 
2

1
( I+E). Put y=Hx, z=Ey, u=2y-z . Then we have 

            xz   = xEy   = xEEy 2  

  

 
Exy

yEExEyy

xEExEyy







2

2
2

 

    
 

xEx

xExxEx

xExxEx







2

2

1

2


  

 xExxEx 
23

8 
  

xEx 






 


6

316 
 

and  

EyExxzyxu  2  

          
 

yx
ExyExx

EyyExx







2

 

      
 

xEx

xExxEx

xExxEx







2

2

1

2


   

  xEx 






 


6

316 
 

Hence  

                     uxxzuz   

 

                                    xuxz   

                                   xEx 






 


6

316 
+ xEx 







 

6

316 
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              xEx 






 


3

316 
. 

On the other hand we have  

       yHyHxxH 2
 

                                       yyEI 
2

1
 

       Eyy 
2

1
 

       Exx 
2

1
 

     xHx . 

The sequence  nx  defined by xHx n

n   is a Cauchy sequence in X and since X is a complete , so that xH n

converges to some element Xx 0 , i.e., 
0lim xxn

n



. 

Now 

 0000 HxHxHxxHxx nn   

 

     00
2

1

2

1
xEIxEIHxx nn   

 000
2

1

2

1
ExExxxHxx nnn   

 
 



















 0

0

00

00

2

2

1

2

1
xx

ExxExx

ExxExx
xxHxx n

nnn

nn

nn   

                                                        

    
    


















 0

0

000

00
22

22

2

1

2

1
2

xx
xHxxxHxx

xHxxxHxx
xxHxx n

nnnnn

nnn

nn 

 


















 0

0

00

00
222

 2222 

2

1

2

1
2

xx
HxxxHxx

HxxHxx
xxHxx n

nnnn

nn

nn   

Taking 0lim xxn
n




. 

   0000 2 HxxHxx    

                                      0021 Hxx   . 

 We have 00 Hxx  , hence 00 Exx   i.e., 0x  is a fixed point of E. 

If 

  HxEHxEyy   
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                             xEIExEI 
2

1

2

1
 

 

 xEx 2

2

1
  

 

  xEExExx 2

2

1
  

 

  xExExx 
2

1
 

 

 Exx  . 

Thus  

 ExxEyy    

Now 

  yHyHxxH 2
 

 

   yEyy 
2

1
 

 

                                Eyy 
2

1
 

 

  Exx 
2

1
 

 

  xHx   

I.e.,       xHxHxxH 2
. 

We claim that xH n
 is Cauchy sequence in X and by completeness of X , xH n

converges to some point Xx 

i.e., 



 xxH n

n
lim , which implies that .  xHx  

Hence 
  xEx  is a fixed point of E. 

 

Theorem 3.  Let  E be a mapping of 2-Banach space X into itself such that the following hold: 

(i)E
2

= I 

(ii) 
 

ayx
aExyaExx

aEyyaExx
aEyEx ,

,,

,,
,

2





   
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for every x,y,a X where  ,   are non –negative and 1
2

1

3

8
0   .If 2dim X then E has at least one 

fixed point.  

Proof   Let x be an arbitrary point of X and  H= 
2

1
( I+E). Put y=Hx, z=Ey, u=2y-z . Then we have 

            axz ,  = axEy ,  = axEEy ,2  

  
 

aExy
ayEExaEyy

axEExaEyy
,

,,

,,

2

2
2





  

    
 

axEx

axExaxEx

axExaxEx
,

2
,

2

1
,

,,
2









  

 axExaxEx ,
2

,
3

8



  

axEx ,
6

316








 



 

and  

aEyExaxzyaxu ,,2,   

          
 

ayx
aExyaExx

aEyyaExx
,

,,

,,
2





  

      
 

axEx

axExaxEx

axExaxEx
,

2
,

2

1
,

,,
2









   

  axEx ,
6

316








 



 

Hence  

                     auxaxzauz ,,,   

 

                                    axuaxz ,,   

                                   axEx ,
6

316








 



+ axEx ,

6

316








  
 

              axEx ,
3

316








 



. 

On the other hand we have  

       ayHyaHxxH ,,2   
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                                       ayyEI ,
2

1
  

       aEyy ,
2

1
  

       aExx ,
2

1
  

     axHx , . 

The sequence  nx  defined by xHx n

n   is a Cauchy sequence in X and since X is a complete , so that xH n

converges to some element Xx 0 , i.e., 
0lim xxn

n



. 

Now 

 aHxHxaHxxaHxx nn ,,, 0000   

     axEIxEIaHxx nn ,
2

1

2

1
, 00   

 aExExaxxaHxx nnn ,
2

1
,

2

1
, 000   

 






















axx
aExxaExx

aExxaExx

axxaHxx

n

nnn

nn

nn

,
,,

,,

2

1

,
2

1
,

0

0

00

00

2



                                                        

    
    






















axx
axHxxaxHxx

axHxxaxHxx

axxaHxx

n

nnnnn

nnn

nn

,
,2,2

,2,2

2

1

,
2

1
,

0

0

000

00

2



 






















axx
aHxxxaHxx

aHxxaHxx

axxaHxx

n

nnnn

nn

nn

,
,2,22

 ,22,22 

2

1

,
2

1
,

0

0

00

00

2



 

Taking 0lim xxn
n




. 

   aHxxaHxx ,2, 0000    

                                      aHxx ,21 00   . 

 We have 00 Hxx  , hence 00 Exx   i.e., 0x  is a fixed point of E. 

If 

   aHxEHxaEyy ,,   
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                              axEIExEI ,
2

1

2

1
  

 axEx ,
2

1 2  

  axEExaExx ,,
2

1 2  

  axExaExx ,,
2

1
  

 aExx , . 

Thus  

 aExxaEyy ,,    

Now 

  ayHyaHxxH ,,2   

   ayEyy ,
2

1
  

                                aEyy ,
2

1
  

  aExx ,
2

1
  

  axHx ,  

I.e.,   axHxaHxxH ,,2  . 

We claim that xH n
 is Cauchy sequence in X and by completeness of X , xH n

converges to some point Xx 

i.e., 



 xxH n

n
lim , which implies that .  xHx  

Hence 
  xEx  is a fixed point of E. 
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